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I. Introduction

T HE purpose of this Note is to comment on the equations
of motion of a rigid body about a fixed point and their

derivation in different forms. However, the central point is the
nonorthogonality of the system of Euler angles and the impli-
cations of this fact. This nonorthogonality affects especially
the linear relation between the angular velocity vector co
(COA-,COV,CO-) and the rates of change of the Euler angles (<p,0,\l/).
It is well known that the matrix of this linear relation depends
only on two of the Euler angles. We show a decomposition of
this matrix in a product of two factors, each depending only on
one of the two Euler angles. We comment on the meaning of
this decomposition, in terms of the nonorthogonality of the
system of Euler angles, and we show the consequences of this
factorization. In particular, the quadratic form of the kinetic
energy is decomposed in a product of seven factors. The corre-
sponding Lagrangian equations of motion are then derived
from it in tensor notations with the use of our computerized
algebra program.

II. Notations and Definitions
In this section, we briefly summarize some of the basic

equations in the theory of rotational motion, mostly to define
our system of notations. We will use the three Euler angles
(<£,0,i/0, called, respectively, precession, nutation, and spin (or
rotation) angles. These angles are used in the definition of the
principal rotation matrix /?, such that r = /?r/, where r/ gives
the position of a particle of the body relative to the fixed
inertial axes and r is relative to the moving body axes. The
rotation matrix is the product of three simple rotations,
R -R^R^R^ performed in the standard 3-1-3 order, following
Goldstein's conventions.1 We have, for instance,

** =
cosi/'

0

sim/' 0
cos^ 0

0 1
(1)

In what follows, we will frequently use the rates of change
of the three Euler angles and, in order to abbreviate the writ-
ings, we define a column vector <f> whose three components are
(v?,0,i/'). Strictly speaking, this is not a vector but only a 3 x 1
matrix that helps to condense the equations. One of the princi-
pal results in the theory of rigid-body motion is the set of
kinematic equations, which are the linear equations relating
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the rotation vector co (<j)x,(*)y,uz)Tto the vector y?. The rotation
vector co used here is defined relative to the body axes. Its
inertial counterpart can also be defined and used, but it turns
out that this is less useful. It is known that1'2

sin0 sim/' cosi// 0
sin0 cosi/' —sim/' 0

cos0 0 1
(2)

Equation (2) clearly defines the W matrix. Note that this is not
an orthogonal matrix, and we will come back to that later.

As for the other important equations of rotational motion,
we remind the reader that R is orthogonal, that RRT=RTR
= identity, and that, on the basis of the time-derivative of R,
we can define a skew-symmetric matrix ti = RRT. This matrix
ft contains only 0 and the three components cov, cov, and co-.

12 =
0 to- — cov

— CO- 0 CO v

co,. — cov 0

(3)

We also define the angular momentum L - /co, where / is the
constant 3x3 diagonal matrix, with moments of inertia A , B,
C. Euler's dynamical equations give the rate of change of the
angular moment vector L as a function of the applied external
torque W3:

+N (4)

These equations are thus a direct consequence of the angular
momentum equation in dynamics, L' = /V', where the primes
indicate a reference to the inertial axes. We mention, however,
that other derivations of Eq. (4) are possible. For instance,
they can be derived from Hamilton's principle, in the form of
Euler-Lagrange equations, where the components (coA-,cov,co-)
are then considered as quasicoordinates.3 We do not want to
go into these details here. Equations (4), together with the
kinematical equations (2), give the complete sixth-order system
of equations of motion that needs to be integrated to deter-
mine the attitude of the rigid body as a function of time:

/V (5a)

(5b)

Note again that all components of co and /V are here defined
relative to the body axes. The torque vector /V is usually a
function of the Euler angles. The matrix W depends only on
two Euler angles, \l/ and 6, as was seen in Eq. (2).

III. Factorization of the W Matrix
It was said before that the W matrix, defined in Eq. (2),

gives the linear transformation between the rates of the Euler
angles and the angular velocity vector, co = W^p. It was also
said that this matrix is not orthogonal and depends on only
two Euler angles. I t is easy to verify that it can be factorized
in a product of two matrices, R^ and S, each one containing
only one Euler angle. Of the two factors, R^ is orthogonal and
S is not. In other words, the lack of orthogonality is absorbed
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in a single simple matrix S, function of the nutation only:

S =

The matrix S has the inverse

0 1 0
sin0 0 0
cos0 0 1

(6)

0 1 0
sin0 0 0

0 — cos0 sin0
/sin0 (7)

It is thus nonsingular, except when the nutation angle passes
through 0 or TT. It turns out that the preceding factorization is
the basis for understanding many of the mysteries of rigid-
body motion, in particular those stemming from the non-
orthogonality of the Euler angle frame. One of the most strik-
ing illustrations is obtained by considering the length of the
rotation vector <o:

(8)

which is a quadratic form in (v?,0,ij/) with the symmetric matrix

1 0 cos0
0 1 0

cos0 0 1

The length of the rotation vector w is thus2:

co == <p ~\~ B ~\~ \j/ -f- 2 cos0 • <Jp\l/

(9)

(10)

This shows that, in terms of Euler angles, o>2 is not a sum of
squares or, in other words, that these angles do not form an
orthogonal coordinate system (except again when the addi-
tional term vanishes, at 0 = 0 or IT).

Another, and probably the most important, consequence
and application of the preceding factorization is in the extreme
simplicity of the two matrices R^ and S . This makes the deriva-
tion of many equations tractable, whereas the use of the more
complex matrix H^is more cumbersome. We will show this in
the next section, in the derivation of the Lagrangian equations
of motion, i.e., the three second derivatives £,0,$, in tensor
notations. However, to end the present section, we outline a
direct derivation of these results in matrix notations.

Starting from Eq. (2) again, we see that

( i i )
Formally speaking, this is the required result, although several
lengthy simplifications are still required on the right-hand side
in order to express all the remaining components of co in terms
of (p. The approach presented in the following section is a more
elegant solution, based on the factorization of W and the use
of tensor notations.

IV. Second-Order Differential Equations
for the Euler Angles

The second-order equations for the three Euler angles <^,0,^
are essentially the Euler-Lagrange equations derived from a
Lagrangian T + U , where T is the kinetic energy of the rotating
body and U the potential function. The kinetic energy T is
known to be the half-dot product of the angular velocity w and
the angular momentum L :

(13)

Not only do we have here an interesting factorization of the
angular momentum in four factors but also a factorization of
the kinetic energy in seven factors. All components are re-
ferred to principal body axes, and / is again the diagonal
inertia matrix (A,B,C). The kinetic energy T is of course a
quadratic form in £,0,$» with the symmetric matrix STR^IR^S
depending on two Euler angles. The derivation of the Lagran-
gian equations of motion simplifies if one notices that this
quadratic form contains in it another simple quadratic form
with the symmetric matrix R^IR^, depending only on the rota-
tion angle \l/. We call this the rotational nucleus of the kinetic
energy. It can be written as

a d 0
d b 0
0 0 c

where

a = A cos2\{/ + B sin2;/'

b = A sin2\l/ + B cos2\[/

d = (A —B) sim/' cost/'

(14)

(15a)

(15b)

(15c)

Incidentally, we already see here the tremendous simplifica-
tions that occur in the case of symmetric bodies with A = B.
In fact, the rotation angle disappears completely and the rota-
tional nucleus reduces to a constant. We also mention that the
determinant of the nucleus is ABC. The matrix is thus per-
fectly invertible. This inversion is necessary if one wants to use
the Hamiltonian formulation, based on the contravariant met-
ric tensor g'J. We will not go into these details here.

Based on the preceding results, the complete quadratic form
of the kinetic energy T can be written as follows (in tensor
notations, this is also the twice-covariant form of the metric
tensor gu):

= WTIW =
b sin20 + c cos20 d sin0 c cos0

dsinO a 0
c cos0 0 c

(16)

The determinant is now ABC sin20, and the matrix is invert-
ible, except when the nutation angle passes through 0 and TT.
We also note that the precession angle y is completely absent.

In order to write the equations of motion in tensor form, we
will assume that the components 1, 2, 3 correspond, respec-
tively, to the angles <p,6t\l/ (in this order!). The components of
the metric tensor have been given earlier. The next step in the
derivations is to construct the 27 first-kind Christoffel symbols
Tuk, which are simple functions of the partial derivatives of the
nine gu components:

(17)

The standard convention in tensor analysis is to indicate par-
tial derivatives with respect to the /th coordinate with the
symbol /. In the present problem, we find that 11 components
are identically zero. The other 16 components are all given in
Appendix A.

The second-kind Christoffel symbols are defined by

Ttj=g*mrum (18)

with an implied sum in the repeated index m. The explicit form
of the equations of motion can then be given by the formula

L = /<o = (12) (19)
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where <?' represents the coordinates ^,0,^ and where the stan-
dard summation convention applies. The expression on the
left-side of the equal sign in Eq. (19) gives the contravariant
components of the generalized acceleration.

In the case of the rigid-body motion expressed in Euler
angles, five of the 27 Tfj symbols are identically zero, and the
22 others are given in Appendix B. Similar results were given
in the simplified case A =B by Lure,5

The different formulas and tensor components that have
been given here were derived by hand as well as by our Poisson
series manipulation system on the CDC-6600 computer/ To
verify the algebra, the hand results were entered in the com-
puter and subtracted symbolically from the computer results.
These operations require the availability of three polynomial
variables (A.,B3C) and three harmonic variables (<p,6,\l/). It is
also necessary that the system be able to handle the negative
exponents of the polynomial variables A,B9C, which occur
frequently in the present application.

Appendix A: First-Kind Christoff el Symbols
for the Rotating Rigid-Body Motion

T123 =

22J

= [A sin2\l/ + B cos^-C] sln0cos0

= - Vi[(A -B)(cos2t- sin2iW + C] sin0

= r311 = (A -B) sin20 sini/' cos^

= r3i2 = l/2[(A -B)(cos2t- sin^ + C] sin0

= T321 = Vi[(A -B)(cos2t- sin2^)-C] sin0

= F322 = —(A — B) sim/' cos;/'

= -[A shvty + B cosV-C] sin0cos0

= — (A—B) sin20 sim/' COST/'

= (A — B) cos0 sim/' cos\l/

= (A-B) si

Appendix B: Second-Kind Christoff el Symbols
for the Rotating Rigid-Body Motion

(A-B)(A+B-C)

_ i-r21-

cos(9 smi/' cost//
\LJ

+B-C)eosO [sinV cos2^

~(A-B)(A+B-C)sm2j\

[B(B -

(B-A)(A+B-C)
2AB

-B)(A + B - C) si

[B(A-B + C)-(A-

32 = 23

sin0
2AB

(B-.A)(A+B-C) _.
2AB

-C)(C-B)cos20 + AB]

A(A-B-C)]
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Introduction

F OR autonomous aircraft and intelligent pilot aids,
navigation path planning may be performed by computer

rather than by humans. In this Note, we consider the task
of planning a path from some start location to some finish lo-
cation in mountainous terrain. The technique investigated
employs searching for the best paths among topologically uni-
que paths. Candidate paths are depicted by a search graph
generated using a computerized geometric construct.

In reviewing approaches to navigation path planning, one
must consider path-planning research involving robot manipu-
lator arms, mobile robot and autonomous land vehicle path
planning, and existing planning algorithms for pilot aid and
autonomous aircraft.1"6 For instance, the Dynapath algo-
rithm3 and Beaton et al.4 generate path plans in fine detail us-
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